
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



THE CONDITIONS FOR A PLAIT POINT 
Br Paul Saurbl 

If a plane, tangent to a surface in two points, moves in such a way that 
the two points of contact tend to coalesce, the limiting position of these points 
of contact is called a plait point.* This definition applies not only to a surface 
in space of three dimensions but also to a hypersurface in a space of n dimen- 
sions. 

Let us suppose that the equation of a surface in a space of n + 1 dimen- 
sions is 



and let us write 






A = 



'fin 



(1) 



in wliich 



J nl» Jni> • • • ,J„ 



(2) 



dxidxj (^) 

At a plait point of the surface, every determinant of order w that can be formed 
from the mati'ix 

yin /l2> * • • > /in 

J2U J23> • • • . f^n 



reduces to zero. 



(4) 



Jnly Jnif • ■ • > Jnn 

aA aA dA 

dxi'dXi' ' ' ' ' dx^, 



* Kortevrcg, Archives Neerlandaises des sciences exactes et naturelles, vol. 24, p. 67 (1890). 
(188) 
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These conditions are due to Gibbs.* The reasoning by which he establishes 
them is, however, stated in physical terms. It may therefore be well to divest 
his argument of its physical garb and to present it, or rather an equivalent of 
it, in mathematical terms. 

The equations which express the coincidence of the tangent planes drawn 
to the surface 1 at two points x, Xi, «2, • • •, x„ and x', x[, c4, • • •» x'^ may be 
written 

f\=fi t=l, 2, . . ., n, (5) 

f-i x',f, =f- i x,U (6) 

in which 

and the primed letters indicate quantities connected with the point a;', x[. 

If we suppose the two points of contact to be very near together, these 
equations may be written 

% («i - ^i)fii + i 2 i (a;j - x>) (4 - x,)/<,.t + . . . = 0, . 

3 = \ J = 1 1 =1 

1 = 1, 2, . . . , n, (8) 

ill (x^-xO(^j-%)A- 

+ -L i i l{x\-xi) (x'i - X,.) (xi - x,)/^.,. + . . . = 0, (9) 

^ • " f = 1 J = 1 i = 1 



in which 



ay 
•^■* - ax,8x,.ax* ■ <^^) 



The omitted terras are of the third and fourth orders respectively. 

Multiplying equations 8 by x{ — Xj, x^ — Xj, • • •, x^ — x„ and subtracting 
one half their sum from equation 9, we find that this equation can be replaced 

by 

II I (x{ - X,) (x( - X,) (xi - x,)/^., + . . . = 0. (11) 

• On the Equllibrlom of Heterogeneous Substances, Trait aactions of the Connecticut Academy 
of Arts and Sciences, vol. 3, part 1, p. 191 (1876). 
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The conditions for a plait point are thas, first, that the equations 

^ («] - a;,)/*,- = 0, i=l,2,...,n, (12) 
j = 1 

should be compatible, which requires that 

A = 0; 

and, second, that the values of'x,< — Xj which satisfy equations 12 should also 
satisfy the equation 

i I l(xi- X,) (xj - Xj) («i - Xi.)/v* = 0. (14) 

i=l j=l *=1 

If we denote the minor of A which corresponds iofy by Ffj, the values of 
0^1 — Xi,x^—x.2, • • •, xl,—Xn which satisfy equations 12 are given by any one 
of the n sets of equations 

x{ - cBi : x-i - aji : • • • : xJ, - x„ = i^^i = ^ra : • • • : Kn, r = 1, 2, • • ., n. (15) 

Now, equation 14 can be written in the form 



» n 



2 (xi - Xi) 2 2 {x'i - Xi) (xj - Xj) f^^ = 0. (16) 

If we compare this equation with equations 12 it follows that every determinant 
of order n formed from the matrix 



fiu ^2> • • • » Jin 

JilJ J33t • • • » fin 



(17) 



Jnlj y»i2» * ' ' » Jnn 

■^1» -^2> • • • > -^n> 

where ^^ = 2 S (xJ— x<) (^i - «j)^i*' 

i = li = l 

must be equal to zero. 

We shall now show that 

2 2 (x?-x,)(x,?-x,)/^, (18) 

» = ij = i 
is proportional to 

aA 
dx' 
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SO that the matrix 17 is equivalent to the matrix 4. We shall thus have estab- 
lished Gibbs's conditions. 

From equations 15 it follows that 18 is proportional to 

iif^rFuF^. (19) 



i=\j=i\ 



On the other hand 



dXr~ 


flirt fnn • • -tflnr 
fill fnit ' • •yfin 


+ 


/ll> /l2>- • -yfln 
Jllrt Juiirt • * • > y2nr 




fnU /n2» • • 'tjnn 




Jnlyjv&y' ' 'tjnn 


= /llr -''^1 +/l2r -^12 + • • • +/lnr -^In 
+ filr -Ffi +/2tr -^22 + • • • +A.r -'^2n 


+ /nlr F„i +/„2r -P'n2 + * • • +/nnr ^nn 


i = lj =1 


From this equation we get 




F- i 




-. 1 lfiirF..F 
i=lj = l 



+ 



flit fl2f 

fill fiai 



Jnlrt Jt\ 



n2r» 



'yfln 
'ifin 



'ijm 



(20) 



(21) 



Now since A = 0, it follows from an elementary theorem in determinants 



that 



F F- — F ■ F — 



(22) 

A comparison of 18, 19, 21, and 22 then shows immediately that expres- 
sion 18 is proportional to ■= — 

The theorem is thus established. 

The above conclusion fails if F,, = for every value of s. But, in that 
case, since 

p p — pi 



it follows that, for all values of i and/, Fij = 0. The equations 12 no longer 
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uniquely determine the ratios of x{ — «i, a^ — Xj, • • •, a;^ — «„ and the singu- 
larity is of a more complicated character. 

Nbw York, Novbmbeb 26, 1903. 
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